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= 2) was designed with Q = 0, R =0.1 in Eq. (14). The
parameters kf were adjusted to achieve the desired damping in
the structural modes.

Experience with the solution procedure showed that the
damping on the closed-loop structural modes could be indi-
vidually adjusted by the choice of kt. Moreover, the damping
can be introduced with only minor change in natural fre-
quency. Figure 1 illustrates the effect that increasing kl has on
the modal damping, with k2 = 0. Note that this results in
increased damping on the first mode, whereas the second
mode remains relatively unaffected. Figure 2 illustrates the
fact that increasing k2 with kl = 0 has the opposite effect. In
both cases, the compensator introduces two additional closed-
loop, low-frequency poles that are almost unobservable in the
plant states.

For -k\ = 350, k2 = 345, the closed-loop structural mode
dampings were ft = 0.52 and f2 = 0.70, respectively. Attempts
to increase the damping further resulted in convergence
difficulties with the numerical algorithm used to find the
optimal G. Normally, the algorithm converged in fewer than
10 iterations.

The final solution was

G =
-54.3 -628.5 | 0.687

-922.0 -1.19x10* I 126.8
(22)

Conclusions
A method for designing fixed-order compensators using fre-

quency-shaped cost functionals has been outlined. The major
advantages are that the order of the compensator is fixed by
the design process, and it is not necessary to realize the fre-
quency-shaping dynamics as an integral part of the compensa-
tor design. The example illustrates the use of the design pro-
cedure to damp the fast structural modes of a flexible arm.
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Nomenclature
[A}, df = plant matrix, see Eqs. (17), (21), and (24)
[B] = input matrix, see Eqs. (17) and (22)
CD - aerodynamic drag coefficient
D — aerodynamic drag force
Kd,K8>,Ky,Ky, = control gains, see Eq. (25)
/ = length of tether
m = mass of subsatellite
[Q] = weighting matrix of the state, see Eq. (26)
{q} = state vector, see Eq. (18)
R - radius of the orbit of main satellite
Ru = weighting coefficient of the control force,

see Eq. (26)
S = equivalent drag area (involving both

subsatellite and tether)
T - tension in tether
t = time
u = normalized control force, see Eq. (23)
v = velocity of subsatellite relative to the

atmosphere
a = angle between the local horizon and relative

velocity vector, see Fig. 1
7,6 = normalized infinitesimal displacements

of subsatellite from the steady-state
equilibrium point, see Eqs. (19) and (20)

6 = pitch angle between local vertical and tether
line, see Fig. 1

X = coefficient of the atmospheric density
gradient, see Eq. (16)

'fji = see Eq. (15)
£ = nondimensional length of tether, see Eq. (8)
p = density of the atmosphere
T = nondimensional time, see Eq. (10)
0 = rotational angular rate of the Earth
co' = orbital angular rate

Subscript
s = steady-state solution

I. Introduction

TETHERED subsatellites deployed in low-altitude orbits
have been proposed as means of upper atmospheric

experiments. Many works on the dynamics and control of the
tethered subsatellites have been reported.1 Beletskii and Levin2

and Onoda and Watanabe3 have shown that the atmospheric
density gradient (together with the orbital angular velocity and
the elasticity of the tether) unstabilizes the in-plane swinging
motion of uncontrolled tethered subsatellites in the state of
station keeping.

In this Note, the effects of the atmospheric density gradient
on the swinging motion of tension-controlled tethered subsatel-
lites and on the design of the control systems are investigated
based on a simple model.
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II. Equations of Motion
Based on the same assumptions as Ref. 3, the equations of

in-plane motion of the subsatellite can be written as follows in
the orbit-fixed polar coordinates centered at the main satellite
as shown in Fig. 1.

r + ( 1 ~ [(#' + I)2 + 3 cos20] }£ =

[6" + (3/2) sin20]£ - 2(0' + !)£' = Qe/(mu2l2£)

Qi= -T-Dsm(a + 0)

Q6 = -Dls% cos(a + 0)

D = (l/2)PCDSv2

v2 = (co - Q)2R2 + 2o)(co - Q)Rls(£ ' sin0 + £0' cos0)

where
since = a)/5(£ ' cos0 — £0' sin0)/t>

and

(1)
(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

has been assumed and neglected compared with unity.
The steady-state solutions of Eqs. (1-7) can be obtained as

• f c = l (12)

Os = -sin-^a - G/a>)/(3/5)], Or < 05 < 37T/2) (13)

rs = W/5 (3 cos205 + M(l - fl/aj)]2/(3/2)) (14)

where
(15)

Fig. 1 Geometry of tethered subsatellite system.

and the atmospheric density has been assumed as

p = Ps exp[-X/5(£ cos0 - £5 cos05)] (16)

In this Note, it is also assumed that the control is available only
through the modulation of tether tension. Then, in the case of
linear control, the linearized equation of motion of small
perturbation from the steady-state solution is

[qV = (17)

where
Q}T= I_7,7'.M'J (18)

7 = f - 1 (19)

5 = 'e - es (20)

=

0 1 0 0

«1 «2 «3 «4

0 0 0 1
a5 a6 a, a8

(21)

[B]T= LO,1,0,OJ (22)

m(T-T,)/(m<fl,) (23)
and

= 3

[6 sin05 + pR(\ - 0/co)//5] cos0

-2 + (jn/2) sin205

3 sin205 + ̂ [^(1 - Q/o>)/5] cos0

2 + (jjL/2) sin205

- 3 cos205 + ̂  [^(1

sin205

sin205

cos205

u= -

(24)

(25)

III. Numerical Examples and Discussions
In the subsequent numerical examples, the parameter values

listed in Table 1 are used. They are the same as those of Ref.
3, and cases C-F roughly correspond to a subsatellite deployed
in the altitude of 1 15 km with the projected drag area of 10 m2

(including the effective area of the lowest portion of tether) and
subsatellite mass of 500 kg.

Table 1 Control gains and eigenvalues of closed-loop systems (R = 6.6 X 106 m, ls = 10s m, w = 1.18 X 10~3 s"1, fi = 7 x 10~5 s"1)

Case A
/x 0.0
X (m ~ ') -
7<:T 7.359
^ 5.638
Kd 3.070
#/ 1.767
Nondimensional — 1.017 ± 1.963/

eigenvalues — 1.046 + O.O/
-2.558 + O.O/

Case B
6.2 x 10~3

0.0
7.359
5.638
3.070
1.767

- 0.976 ±1. 964i
- 1.142 + O.O/
- 2.565 + O.O/

CaseC
6.2 x 10~3

1.5 x 10~4

7.359
5.638
3.070
1.767

- 2.609 ± 2.435/
1. 153+ O.O/

- 0.556 + O.O/

Case D
6.2 x 10'3
1.5 x 10~4

21.946
6.765
8.407

- 2.007
-1.311 ±2.530i
- 0.92Q + O.O/
- 3. 243 + O.O/

Case E
6.2 x 10~3

1.5'x 10 ~ 4

6.000
3.464
0.0
0.0
0.166± 1.040i

- 1.908 ± 2.562/

Case F
6.2 x 10~3

1.5 x 10~4

6.000
6.928
0.0
0.0

- 0.152 ±1.337i
- 1.137 + O.O/
-5. 507 + O.O/
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tt=6.2X10"3,

Fig. 2 Stable regions of controlled system in the Kb-K^ plane (R =
6.6 x 106 m, ls = 105 m, co = 1.18 X KT's'1, ft = 7 x 10~5 s"1, Ky =
7.359, #; = 5.368).

In the case of no atmosphere, i.e., IJL = 0, the optimal control
gains that minimize

E({q}T[Q}{q}+Ruu^ (26)

for the linearized system is derived as case A of Table 1 based
on the same weighting matrix as those used in Ref. 4, where
E( ) denotes the expectation operator. The values obtained for
the gains coincide with those of Ref. 4. When the values of two
control gains Ky and Ky are fixed to these values, the stable
region in the K8 — K£ plane is obtained from Eqs. (17-25) and
the Routh-Hurwitz's stability criterion as the upper region than
the broken line of Fig. 2, which also coincides with the result
of Ref. 4. For the case of /* = 6.2 x 1Q~3, X = 0, i.e., fictious
case of locally uniform atmosphere, the stable region is ob-
tained as the upper region than the one-dot chain line of
Fig. 2. These two stable regions are similar to each other.
However, in the case of /* = 6.2 x 10~3 and X = 1.5 x 10~4

m"1, i.e., the realistic atmosphere with density gradient, the
stable region is limited to the inside of the very small domain
shown in Fig. 2 by the solid line. These facts indicate the
significance of the effects of the atmospheric density gradient
on the stability of controlled subsatellites.

The closed-loop eigenvalues are also listed in Table 1. They
indicate that the system is stable in case A. Transient motions
of the system obtained by a numerical integration of Eqs. (1-7)
show well-controlled transient responses, although they are not
shown here because of the need for brevity.

In case B of Table 1, the same gains as case A are adopted
to the system with fictitious atmosphere whose density is locally
uniform. The eigenvalues are almost the same as those of case
A, and the system is stable. This fact indicates that the effects
of the atmosphere are small if its density were uniform.

Case C is the case where the same gains as case A are adopted
to the subsatellite deployed in the real atmosphere with density
gradient. Unlike cases A and B, one of the real parts of the
eigenvalues of case C is positive, indicating that the system is
unstable. Reference 3 lists the eigenvalues of an uncontrolled
subsatellite obtained, based on the same parameter values as
case C, and a realistic longitudinal stiffness of the tether. It
should be noted that the positive real part of an eigenvalue of
case C, 1.153, is much larger than that of uncontrolled
subsatellite, 3.517 x 10~2, which can be obtained by normaliz-
ing the result of Ref. 3. This fact indicates that the effects of
the density gradient can be far more significant for the
controlled system than for the uncontrolled one, and a control
system designed without any account of the atmospheric
density gradient can make the system quite unstable. In Ref. 3,
it has been suggested that lower longitudinal stiffness of the
tether unstabilizes the system. Since the gain Ky corresponds to
the longitudinal stiffness, the previous relatively strong insta-
bility seems to be caused by the relatively small control gain Ky.

The optimal linear quadratic Gaussian (LQG) control gains
can be obtained based on the actual values of \i and X, i.e.,
actual atmospheric parameters, as case D in Table 1. In this
case, the eigenvalues indicate that the system is stable. As can

be expected from the preceding investigation, the longitudinal
stiffness Ky is very large in this stable system. Transient
responses, which are not shown in this Note because of lack of
space, indicate that the system is relatively well controlled,
although a relatively large control force suggests the difficulty
of control in the atmospheric density gradient,

Case E and case F are the examples where the Rupp's control
laws5 are adopted. The former is the case of £ = 1, and the latter
is the case of £'= 2 according to the notation of Ref. 5. The
eigenvalues indicate that the motion is unstable in case E and
stable in case F. The transient responses of case F, which are
not shown here, indicate that the system is not as well controlled
as is in case D although the closed-loop system of case F is
stable.

IV. Concluding Remarks
The effects of the atmospheric density gradient on the in-

plane motion of tension-controlled tethered subsatellites de-
ployed in a low-altitude orbit are investigated, based on a
simple model. It is shown that the effect on the stability of the
controlled system can be more significant than on that of the
uncontrolled system. A control system designed without any
account of the atmospheric density gradient can greatly
unstabilize the closed-loop system. Therefore, it is indispensi-
ble to consider the effects of the density gradient in the design
of the control system of tethered subsatellites deployed in low-
altitude orbits.

Although the present Note has clarified the effects of the
atmospheric density gradient qualitatively based on the simpli-
fied model, further investigations with a more exact model are
still required.
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I. Introduction
N this Note, the optimal terminal maneuver is determined
for a cooperative impulsive rendezvous of two space vehi-
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